Continuous Wavelet and Short-Time Fourier
Transforms and Frames

“Man lives between infinitely large and infinitely small.”
Blaise Pascal, Thoughts

Continuous wavelet transform
Continuous short-time Fourier transform

Frames of wavelets and STFT
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Introduction

Expansions of continuous-time functions
in terms of two variables

e WT shift and scale
e STFT shift and frequency

One-variable function mapped into a two-variable function
 redundant representation (1D to 2D)
« can be discretized
* leads to frames
o “critical sampling” (for example, orthonormal bases)
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Continuous-time wavelet transform

Basis functions

Va b = é“’(t ;b)
A A

. ~ SIN

Analysis formula
X(a, b) = t)dt
(2.5) = VF Iq(: )X()

Reconstruction formula

Q0 QO

X(t) = = ijmb)ago
“y 0-

 redundant representatlon 1D into 2D

dadb
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Continuous-time wavelet transform
.admissibility condition

Wavelet should satisfy admissibility condition

© |P(0)?

CW:j_w o] do < ©

In practice, if wavelet has sufficient decay this reduces to

$(0) = 0

that is, wavelet has zero mean

Proof of inversion formula
- Cy appears explicitly
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Continuous wavelet transform...

... properties

Overview

linearity

shift

scale

energy conservation

localization in time and frequency
characterization of regularity
characterization of singularities
reproducing kernel

Linearity

CWT(x+Yy) = X(a,b)+ Y(a,b)
CWT(ax) = o CWT(x)
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Continuous wavelet transform...

. shift property

T f (t) £1(t)

-

Dt

F(t) = 1(t-Pp)

F'(a,b) = F(a,b-p)
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Continuous wavelet transform...
. scaling property

%A @@]
s’s
» ‘CZS

S £ (ag, bo)

-

O -

F(t) = —}a f(t/a)

F'(a,b) = F(ala, bla)
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Continuous wavelet transform...
. energy conservation property

Similar to the Parseval's formula

o0 o0 00
d db
[ Ixct)2dt = - | j X(a, b)|2=
a
—o0 A 0-
Generalization
o0 o0 00
[ x (ydt = = j X*(a, b)Y(a, b)dadb
—00 \V 0-
Note

« importance of the adm|SS|b|I|ty condition
« use of measure (dadb/a )
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Continuous wavelet transform...
. characterization of regularity

Fourier transform: global

L — A

Fourier
_k /\/\/\/\/\A/\

Wavelet transform: local, zooms in

Different singularities can be distinguished

7
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Continuous wavelet transform...
... localization

A

T _
N N x(1) = sin(oyt) +8(t-t))

> A
shift

1/2

AN
|

scale

[ A A _>

basis functions
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Localization of the CWT ...
example using the Haar wavelet

signal CWT
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Localization of the CWT ...

.in time
Zero-phase Haar wavelet
S(t-to) 1 U(t-to)

t ~ ! t ~!
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Localization of the CWT ...
. In frequency

Sinc wavelet

a wavelet of highest frequency
A ¥(w) 5 (@ — o) y/ passing the sine at oy through
— %o

1 I
\/amax‘P(amax@) _
\/amian(amin(D)

h - O
n 2n (DO ®o 2(00
5  wavelet of lowest frequency
passing the sine at og through

TC/O)O

2’}'5/(,00

D -
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Characterization of singularities

Singularity of order n
e -1: dirac
e 0: Heaviside
e 1, 2, 3... n-th derivative discontinuous

Then, the CWT transform behaves as
X(a,0) = c:n-ao'5n

Thus
e singularities can be isolated
e singularity types can be distinguished

Example:

 Haar wavelet and dirac/Heaviside
« behavior as 1/./a and ./a, respectively
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Reproducing kernel of the CWT
Wavelet correlation with itself across shifts and scales
K(ag, by, 8, b) = (wy b Va b

A function F(a,b) is a CWT if and only if it satisfies

(ap, bg) = ¢ [[K(ap, by, a, b)F(a, b)@

a2

Example:

.

N
N

_ .

Q

\
N
o
L

O
7

‘L
/.

97 ==Y
Y

CWT - 15



Continuous wavelet transform...

... Morlet Waveltgt
—joat "9
w(t) = 1 eJ oe 2

27

Not admissible but very close to it

P /\v A\/\

Frequency [radians]

Morlet wavelet magnitude spectrum
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Short-time Fourier transform
(windowed Fourier, Gabor transform)

Basis functions

g, (D) = el®w(t-1) with |w| = 1

] | A
A ANAMNAN | - N L

\/\/\/\/l\/\/\/ ‘ S ‘ S

Analysis formula
o0

X(o,1) = [ edeWw(t-)x(t)dt

—00
Reconstruction formula
o0 0O
1
X(t) = 5 | jX(oo,'c)gw, [(Hdwdr
—00—00

Gabor: used Gaussian window
w(t) = pe~ot
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Short-time Fourier transform...
... properties

e linearity
. shift

if X'(t) = x(t—T) then L
X'(,1) = X(w,1-T)eJoT ‘Qi

« modulation ' Q T Q

if x'(t) = eltx(t) then T

X' (@, 1) = X(o-Q, 1)

e energy conservation

1
IXI2 = 5= [[1X(w, 1) 2do dv

* localization in time and frequency
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Short-time Fourier transform...
... localization

A
T

NS N7 (M) = sin(wgh +8(1-1;)

A frequency A

ANAMNAN
VAVAVAVARVAARV/
A
AN~y
|
N4 AN
N N
>

shift basisfunctionsC
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Frames of wavelets...
... discretization

Discretize scale and shifta = ag‘ and b = nboag‘
- family of functions: y_ (1) = aamlzw(aamt—nbo)

Example: a; = 42 and by = 1

scale m
M=-2¢0e0e000000c0cec0cococoe
M=-14 ¢ ¢ ¢ ¢ o o o o o o scale m
o shift n - Jw/\y/\\\d/\y/\w/\w/\w/\/ o shift n
m=1 m=1 PN/
m=2

m=2 |
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Frames of STFT...
. discretization

Discretize o = Mo, and t = nt0

« family of functions: g (1) = ejmwotw(t—nto)

Example:

frequency m
M=-2h e e o o e o o
M=-1»®» e e e e o o o frequency m

m=0 e m=0 \/ /\MAM/\M/\M/\\\J/\MA\/ > shift n
m=1P9 © e e o o o o m=1 \AMMMMMMA}&/\/\/

m=2 m=2

y

-
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Frames of wavelets and STFT ...
. can we reconstruct?

Stable reconstruction from transform coefficients

(W e D) 08 (G e )

m, n m, n

VYm. n and Im. n have to constitute a frame

AlfI2< 5 [y e DJ2 < B2
m.n
Notes:
« A and B are the frame bounds
we assume that ”\pm,n‘ =1
if it were an orthonormal basis: A =B = 1 (Parseval)
if A =B>1:tight frame
iIf A«B: bad conditioning
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: N
Frames Iin R

Family of M>N nonindependent vectors covering ERN

Frame: if there are A and B such that
e 0<A<B<w
e vectors are of norm 1

e tight frame with A = B = 1: orthonormal basis

Example:
| | 1 /3
-5 T = 3 % %)
M = ﬁ 2 /\/é
o 3 3
- 2 2_
, 2
t=32 by, (_1 @)
i=0 2" 2
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: N
Frames Iin R

Example: o i )
Yo [Too To1 Toz| T, °
Y| _ |T10 T11 To2 XO
Yo|  |Too Tor T Xl
Y3 |Tao0 Tar Tap| - 2

2 2 2
A-IXI™ <llyl™<B -]

Inequality satisfied iff N independent rows/columns and
bounded entries

Inverse: many possible, generalized inverse:

1

Te= (T .T) T =T*.T=I

T

Tight Frame: T -T=a-1=>T = =.T

QIF
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Reconstruction in frames
Z
We need the dual frame since f = S (y, Hy;
i=0
If (Tf); = (y;,f) and I'c = ZCi\pi then
I

N Kk
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Frames of wavelets

Possible without harsh constraints on “mother” wavelet

and ag and by

Mexican-hat function

2.5 5

-5 -2.5 0
Time

Admissibility is not a very harsh constraint in this case

Good time-frequency localization properties
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Frames of STFT

If the g, , constitute a frame thenAswz—T,Ellgllng
00

No frames for gty > 2w

BALIAN-LOW

(Doto =27
/ Frames possible, but with bad
time-frequency localization

Good, tight frames
possible for

(Doto <27
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Frames of STFT ...
. example

Dual frame of STFT, Gaussian window with Oy = tO = /27

A =025 A = 0.375 A =105

A = 0.75 A =095 A =10
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