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Continuous Wavelet and Short-Time Fourier 
Transforms and Frames

“Man l ives between inf in i te ly large and inf in i te ly smal l . ”

Blaise Pascal ,  Thoughts

Continuous wavelet transform
Continuous short-t ime Fourier transform
Frames of wavelets and STFT
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Introduction

Expansions of continuous-time functions 
in terms of two variables

•  WT shift  and scale
• STFT shi ft  and frequency

One-variable function mapped into a two-variable function
•  redundant representat ion (1D to 2D)
• can be discret ized
• leads to f rames
• “cr i t ical  sampl ing” ( for  example,  orthonormal bases)
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Continuous-time wavelet transform

Basis functions

Analysis formula

Reconstruction formula

•  redundant representat ion 1D into 2D

ψa b, t( ) 1
a

-------ψ t b–
a-----------⎝ ⎠

⎛ ⎞=

X a b,( ) 1
a

------- ψ t b–
a-----------⎝ ⎠

⎛ ⎞ x t( ) td
∞–

∞

∫=

x t( ) 1
Cψ
-------- X a b,( )ψa b, t( )dadb

a2--------------
∞–

∞

∫
0

∞

∫⋅=
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Continuous-time wavelet transform
.. .  admissibil i ty condit ion

Wavelet should satisfy admissibil i ty condit ion

In practice, i f  wavelet has sufficient decay this reduces to

that  is,  wavelet  has zero mean

Proof of inversion formula
•   appears expl ic i t ly

Cψ
Ψ ω( ) 2

ω
-------------------- ωd

∞–

∞
∫ ∞<=

Ψ 0( ) 0=

CΨ
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Continuous wavelet transform.. .
. . .  properties

Overview
•  l inear i ty
•  shi ft
•  scale
• energy conservat ion
• local izat ion in t ime and frequency
• character izat ion of  regular i ty
•  character izat ion of  s ingular i t ies
• reproducing kernel

Linearity
•  
•  

CWT x y+( ) X a b,( ) Y a b,( )+=
CWT αx( ) α CWT x( )=
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Continuous wavelet transform.. .
. . .  shift  property

f (t) f '(t)

b

a

t

f' t( ) f t β–( )=

F' a b,( ) F a b β–,( )=
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Continuous wavelet transform.. .
. . .  scaling property

t
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---
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f' t( ) 1
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F' a b,( ) F a/α b/α,( )=
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Continuous wavelet transform.. .
. . .  energy conservation property

Similar to the Parseval’s formula

Generalization

Note
•  importance of  the admissibi l i ty  condi t ion
• use of  measure ( )

x t( ) 2 td
∞–

∞

∫
1

Cψ
-------- X a b,( ) 2dadb

a2--------------
∞–

∞

∫
0

∞

∫⋅=

x* t( )y t( ) td
∞–

∞

∫
1

Cψ
-------- X* a b,( )Y a b,( )dadb

a2--------------
∞–

∞

∫
0

∞

∫⋅=

dadb/a2
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Continuous wavelet transform.. .
. . .  characterization of regularity

Fourier transform: global

Wavelet transform: local,  zooms in

Different singularit ies can be distinguished

Fourier
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Continuous wavelet transform.. .
. . .  localization

basis functions
scale

shift
1/2

1

2

x t( ) ω0t( )sin δ t t1–( )+=
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Localization of the CWT . . .
. . .  example using the Haar wavelet
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Localization of the CWT . . .
. . .  in t ime 

Zero-phase Haar wavelet

t0
a0
2

-------– t0
a0
2

-------+ t0
a0
2

-------– t0
a0
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-------+

t
t0

a

a0

b
t0

1

t
t0

δ (t - t0)

a

a0

b
t0

1
2--- a0

1
a0

-----------
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Localization of the CWT . . .
. . .  in frequency

Sinc wavelet
a

1
Ψ(ω)

√aminΨ(aminω)

π 2π ω0 2ω0

ω

√amaxΨ(amaxω)

δ (ω − ω0)

b

a

1

π/ω0

2π/ω0

ω0
2

--------

wavelet of highest frequency
passing the sine at ω0 through

wavelet of lowest frequency
passing the sine at ω0 through
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Characterization of singularit ies

Singularity of order n
•  -1:  d i rac
• 0:  Heavis ide
• 1,  2,  3. . .  n- th der ivat ive discont inuous

Then, the CWT transform behaves as

Thus
•  s ingular i t ies can be isolated
• s ingular i ty types can be dist inguished

Example: 
•  Haar wavelet  and dirac/Heavis ide
• behavior as  and ,  respect ively

X a 0,( ) cn a0.5n⋅=

1 a⁄ a
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Reproducing kernel of the CWT

Wavelet correlation with itself  across shifts and scales

A function F(a,b) is a CWT if  and only if  i t  satisfies

Example: 

K a0 b0 a b, , ,( ) ψa0 b0, ψa b,,〈 〉=

a0 b0,( ) c K a0 b0 a b, , ,( )F a b,( ) ad d
a2-----------∫∫⋅=

Shift

Scale

Shift
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Continuous wavelet transform.. .
. . .  Morlet wavelet

Not admissible but very close to it
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Short-t ime Fourier transform
(windowed Fourier,  Gabor transform)

Basis functions

 wi th 

Analysis formula

Reconstruction formula

Gabor: used Gaussian window
 

gω τ, t( ) ejωtw t τ–( )= w 1=

X ω τ,( ) e j– ωtw t τ–( )x t( ) td
∞–

∞

∫=

x t( ) 1
2π
------ X ω τ,( )gω τ, t( ) ω τdd

∞–

∞

∫
∞–

∞

∫⋅=

w t( ) βe αt2–=
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Short-t ime Fourier transform.. .
. . .  properties

•  l inear i ty
•  shi ft

i f   then

• modulat ion
i f   then

• energy conservat ion

• local izat ion in t ime and frequency

τ

ω

Τ

Ω

x' t( ) x t T–( )=

X' ω τ,( ) X ω τ T–,( )e jωT–=

x' t( ) ejΩtx t( )=

X' ω τ,( ) X ω Ω– τ,( )=

x 2 1
2π
------ X ω τ,( ) 2 ωd τd∫∫=
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Short-t ime Fourier transform.. .
. . .  localization

basis functions

frequency

shift

x t( ) ω0t( )sin δ t t1–( )+=
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Frames of wavelets. . .
. . .  discretization

Discretize scale and shift  and 
•  fami ly of  funct ions: 

Example:  and 

a a0
m= b nb0a0

m=
ψm n, t( ) a0

m 2/– ψ a0
m– t nb0–( )=

a0 2= b0 1=

m = -2

m = 0

m = 1

scale m

shift n
m = -1

m = 2

m = 0

m = 1

scale m

shift n

m = 2
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Frames of STFT.. .
. . .  discretization

Discretize  and 
•  fami ly of  funct ions: 

Example: 

ω mω0= τ nt0=
gm n, t( ) ejmω0tw t nt0–( )=

m = -2

m = 0

m = 1

frequency m

shift n
m = -1

m = 2

m = 0

m = 1

frequency m

shift n

m = 2
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Frames of wavelets and STFT . . .
. . .  can we reconstruct?

Stable reconstruction from transform coefficients

 or  

 and  have to constitute a frame

Notes:
•  A and B are the frame bounds
• we assume that 
•  i f  i t  were an orthonormal basis:   (Parseval)
•  i f  :  t ight  f rame
• i f  :  bad condi t ioning

ψm n, f,〈 〉( )m n,
gm n, f,〈 〉( )m n,

ψm n, gm n,

A f 2 ψm n, f,〈 〉 2

m n,
∑ B f 2≤ ≤

ψm n, 1=
A B 1= =

A B 1>=
A B«
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Frames in 

Family of  nonindependent vectors covering 

Frame: i f  there are A and B such that 
•  
•  vectors are of  norm 1
• t ight  f rame with :  or thonormal basis

Example: 

ℜN

M N> ℜN

0 A B ∞<≤<

A B 1= =

1
2

-------– 3
2-------,⎝ ⎠

⎛ ⎞

1 0,( )

1
2
---– 3

2
-------,⎝ ⎠

⎛ ⎞

M
1 1

2
-------– 1

2
---–

0 3
2-------

3
2-------

=
MMT 3

2---I=

f 2
3
--- ψi f,〈 〉ψi

i 0=

2

∑=
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Frames in 

Example: 

Inequality satisfied iff  N independent rows/columns and 
bounded entries

Inverse: many possible,  generalized inverse:

Tight Frame: 

ℜN

y0
y1
y2
y3

T00 T01 T02
T10 T11 T12
T20 T21 T22
T30 T31 T32

x0
x1
x2

⋅=

A x 2⋅ y 2 B x 2⋅≤ ≤

T∗ TT T⋅( )
1–

TT⋅= T∗ T⋅ I=⇒

TT T⋅ α I⋅= T⇒ 1
α
--- TT⋅=
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Reconstruction in frames

We need the dual frame since 

If   and  then

f ψi f,〈 〉 ψ̃i
i 0=

2

∑=

Γf( )i ψi f,〈 〉= Γ°c ciψi
i

∑=

ψ̃i
2

A B+-------------- I 2
A B+--------------Γ°Γ–⎝ ⎠

⎛ ⎞ k
ψi

k 0=

∞

∑=
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Frames of wavelets

Possible without harsh constraints on “mother” wavelet 
and a0 and b0

Admissibil i ty is not a very harsh constraint in this case

Good time-frequency localization properties
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Frames of STFT

If the gm,n constitute a frame then  A 2π
ω0t0
----------- g 2 B≤ ≤

t0

ω0

No frames for ω0t0 > 2π

ω0t0 = 2π
Frames possible, but with bad
time-frequency localization

Good, tight frames 
possible for 
ω0t0 < 2π

BALIAN-LOW
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Frames of STFT . . .
. . .  example

Dual frame of STFT, Gaussian window with ω0 t0 2πλ= =
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